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Abstract. In this work, we propose a topological quantum field theory phase for four-
dimensional gravity. We show it is able to generate, not only General Relativity, but
the whole family of Lovelock-Cartan theories of gravity. This is accomplished due to the
existence of a topological symmetry which, when explicitly broken via the introduction of
a mass scale, releases the local degrees of freedom of gravity. Additionally, we introduce
an extended notion of the (anti-)self-dual Landau gauge conditions to evaluate the
Ward identities, counterterms, and prove the quantum stability of the model, to all
orders in perturbation theory, using the algebraic renormalization technique.
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1 Introduction

Topological quantum field theories (TQFTs) can be interpreted as exact path integral
representations of many classes of topological invariants [1–3]. Most notably, n = 2
topological σ-models1 are related to Gromov-Witten invariants of pseudo-holomorphic
curves, n = 3 Chern-Simons (CS) theory to Jones polynomials of knots and links, n = 4
Topological Yang-Mills (TYM) theory to Donaldson polynomials of smooth 4-manifolds,
and so on [4–6].

By their nature, TQFTs are conformal and diffeomorphism invariant. Additionally,
they are well-defined perturbative quantum field theory, often presenting a very simple
local dynamics, and having a finite number of degrees of freedom [7–11]. Gauge TQFTs,
in particular, tend to be exactly solvable in the perturbative regime: n = 3 CS theory
at 1-loop, and n = 4 TYM at tree-level [12–16].

Due to these features, TQFTs represent an appealing framework to express quantum
gravity ideas. In low spacetime dimensions, this program has found the most success. In
n = 2, quantum GR is explicitly topological: its dynamics is given by a sum over genera.
Moreover, one can construct the gravitational Labastida-Pernici-Witten model, related
to Mumford-Morita-Miller classes [17, 18]. Both approaches deal with invariants of
Riemann surfaces, admit random matrix integral representations, and can be associated
with a non-perturbative description of non-critical strings [19–24].

In high spacetime dimensions, these fundamental equivalences become foggier. In
n = 3, quantum GR is equivalent to CS theory only in the perturbative limit [25–27].
The success of random matrices has not being replicated by a well-behaved geometric
limit for random tensors [28, 29]. And, the association to non-critical strings and/or
conformal field theories usually requires duality conjectures [30–35].

In n = 4 the situation is, of course, worse. Gravity has propagating local degrees
of freedom in the bulk, and any fundamental equivalence to TQFTs is lost. However,
TQFTs still present a viable venue for an ultraviolet (UV) completion of gravity. In
this scenario, GR is treated as an effective field theory, which emerges out of a TQFT
phase after a symmetry break occurs [36–39]. Remarkably, this proposal is able to
address several issues of the very early Universe without the need of an inflationary
period [40–42]. And, it can potentially shed light in the nature of dark matter, and
hidden supersymmetry [43, 44].

In this work, we propose an n = 4 SO(4) TYM theory as a topological phase of gravity.
In Section 3, we show how it is able to generate not only GR, but the whole family
of Lovelock-Cartan theories of gravity2, after its topological symmetry is explicitly
broken via the introduction of a mass scale. And, in Section 4, we show its Ward
identities, counterterms, and quantum stability, to all orders in perturbation theory.
Finally, in Section 2, we give a brief review on TYM theories, and Section 5 contain
our conclusions.

1 n stands for the number of spacetime dimensions.
2 This is the most general gravitational dynamics in n = 4, which includes curvature and torsion, but

excludes high-derivative terms [45–47].
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2 Topological Yang-Mills theory

2.1 Mathematical preliminaries

Let spacetime be the standard R4, endowed with the globally flat metric3 g = δµνdx
µdxν .

The global moving co-frame dxµ diagonalizes g, ∂µ is its dual frame, and d = dxµ∂µ is
the exterior derivative on R4.

Let G be a matrix Lie group, and g its Lie algebra with Lie bracket

[JA, JB] = f C
AB JC . (1)

JA is a tangent frame next to the identity in G, and f C
AB are the structure constants4.

G is also a smoothable manifold, naturally endowed with a globally flat metric k =
f D
AC f C

BD JAJB. The co-frame JA is dual to JA, and k diagonalizes if

tr (JAJB) = 1
2δAB . (2)

This choice also fully anti-symmetrizes fABC ≡ f D
AB δDC .

Consider another smoothable manifold P , the principal bundle structure G ↪→ P →
R4, its adjoint bundles AdP ≡ P ×G G and adP ≡ P ×G g. A gauge field on R4 is an
element of C∞ (adP ⊗ T ∗R4) — a adP -valued 1-form field, A = AAµJAdx

µ. It results
from the pullback of a G-connection living on P . The space of all G-connections on P is
A ≡ C∞ (J1P ), where J1P is its 1st jet bundle. The space of all gauge transformations
is G ≡ C∞ (AdP ), and C∞ (adP ) is its Lie algebra.

The full geometrical arena of a gauge theory is that of the universal bundle (G× G) ↪→
(P × A) → (R4 × A/G) [48, 49]. Analogous to above, a universal gauge field Ã is the
result of a pullback to R4 × A/G, of a universal (G× G)-connection living on P × A.
It can be written as

Ã = A+ c , (3)

where the adP -valued 0-form c = cAJA is a local projection of a Maurer-Cartan form
on G — also known as the Faddeev-Popov (FP) ghost field. A and c can be seen as the
(1,0) and (0,1) component of Ã, respectively, in relation to the product R4 × A/G.

The exterior derivative d̃ on R4 × A/G can be written as

d̃ = d+ s , (4)

where s is the exterior derivative on G — also known as the BRST operator. The
graded exterior algebra defined by d̃ gives the meaning of an 1-form with ghost number
0, and a 0-form with ghost number 1, respectively, to the components (1, 0), and (0, 1).
3 The tensor product symbol ⊗, its fully symmetrized version ∨, and its fully anti-symmetrized version

(the wedge product) ∧, will be omitted when the context is sufficiently clear. Greek indexes run from
0 to 3.

4 Uppercase Latin indexes run from 1 to dim (G).
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Accordingly, the total grading (a.k.a., statistics) of A, and c, is odd (a.k.a., fermionic).
Additionally, d̃, d, and s are all nilpotent operators by definition. Equation (4) resumes
to sd+ ds = 0, which means d and s are fermionic operators.

The universal curvature F̃ of Ã is given by

F̃ ≡ d̃Ã+ Ã2 , (5a)
= F + ψ + ϕ . (5b)

It has the curvature F ≡ dA + A2 of A as the (2,0) component, and the so-called
2nd generation ghost fields, ψ ≡ sA + Dc and ϕ ≡ sc + c2, as the (1,1) and (0,2)
components, respectively. Here, D = d + [A, ] is the covariant exterior derivative
acting on adP -valued forms5. The total grading of F , ψ and ϕ is even (a.k.a., bosonic).
The grading of all the fields introduced so far can be found in Table 1. Bianchi identities
for F̃ , and F , give

D̃F̃ = 0 , (6a)
sF +Dψ + [c, F ] = 0 . (6b)

2.2 Symmetries, observables and dynamics

The traditional Yang-Mills (YM) BRST symmetry transformations,

sYMA = −Dc , (7a)
sYMc = −c2 , (7b)
sYMF = − [c, F ] , (7c)

can be obtained from (5), and (6), by enforcing the so-called horizontal condition,
ψ = ϕ = 0. However, the full gauge structure described in Section 2.1, in general, leads
to a much stronger set of symmetry transformations. Explicitly,

sA = −Dc+ ψ , (8a)
sc = −c2 + ϕ , (8b)
sψ = −Dϕ− [c, ψ] , (8c)
sϕ = − [c, ϕ] , (8d)
sF = −Dψ − [c, F ] . (8e)

This is known as the Topological Yang-Mills (TYM) BRST transformations [49].
The s-cohomology forbids the presence of the traditional YM Lagrangian density,

tr (F ⋆ F ) — where ⋆ is the Hodge dual6 on R4. In fact, it forbids the presence of any
g metric-contaminated observable. In the absence of spontaneous symmetry breaking,
5 From now on, [ , ] should be seen as a d̃ graded Lie bracket, taking into account the total statistics

of each adP -valued form being input in it.
6 ⋆F =

√
|g|
4 ϵ αβ

µν Fαβdxµdxν .
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all non-trivial observables are elements in the s-cohomology modulo d-boundaries. The
only non-trivial ones allowed by (8) are of the type

Ok = tr
(
F̃ k
)

; k ∈ N≥1 . (9)

These invariant polynomials of F̃ can be used to construct the Chern classes of the
universal bundle. In other words, they are all topological in nature. In particular,

O2 = tr
[
F 2 + 2ψF +

(
2ϕF + ψ2

)
+ 2ψϕ+ ϕ2

]
(10)

contains, precisely, the Donaldson polynomials evaluated in the seminal works of
S. K. Donaldson [50, 51], and E. Witten [6].

Among all allowed observables in (9), only the (4,0) component of (10) is suitable for
a Lagrangian density at four spacetime dimensions. Thus, the TYM action functional
is defined to be

STYM [A] ≡
∫

tr
(
gF 2

)
, (11)

where g is a dimensionless coupling parameter. The Lagrangian density tr (gF 2) is
proportional to the 1st Pontryagin number of R4. And, its integral is proportional
to the (compactly supported) Hirzebruch signature of R4. In other words, (11) is a
topological invariant of spacetime.

The field equations are trivial (0 = 0), which signals a lack of local dynamics. Instead,
TYM has a non-trivial non-local dynamics in the bulk. Many topological field theories
can be formulated as fully extended functorial field theories [52–56]. In this context,
their non-local bulk dynamics can be roughly understood as the propagation and
scattering of topologically embedded fully extended cobordisms.

2.3 Quantum properties

A partition function for TYM, formally defined in the weakly coupled regime, re-
quires (11) to be gauge fixed. Quantum TYM (QTYM) has been studies in several
different gauge choices [7, 9, 14–16, 49, 57]. Here, we adopt the (anti-)self-dual Landau
((A)SDL) conditions

d ⋆ A = 0 , (12a)
d ⋆ ψ = 0 , (12b)
F± = 0 , (12c)

where F± ≡ F ± ⋆F .
The s-cohomology guarantees that QTYM is free of gauge anomalies [49]. The (A)SDL

gauge choice is convenient because it results in a very strong set of Ward identities. In
this gauge, QTYM is shown to be renormalizable to all orders in perturbation theory.
It has only one independent, and non-physical, renormalization [15]. Moreover, all
connected n-point Green functions are tree-level exact [16]. Clearly, this gauge makes
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evident that QTYM also has no local degrees of freedom. And, due to the lack of
loop corrections, the classical observables in (9) maintain their topological nature: the
QTYM observables are still Donaldson polynomials.

Gauge conditions are, generally, g metric-contaminated. This is evident in (12),
due to the presence of the ⋆ operator. Consequently, care is needed to implement
them without spoiling the topological nature of the partition function. The standard
procedure, in the BRST quantization scheme, is to introduce Lautrup-Nakanishi fields

— a pair for each gauge condition — satisfying the s-doublet condition,

sc̄ = b , sb = 0 , (13a)
sχ̄ = B , sB = 0 , (13b)
sϕ̄ = η̄ , sη̄ = 0 . (13c)

We refer to Table 1 for the grading of these fields.
The doublet theorem guarantees that no observable can be made out of these quantities

— terms containing c̄, b, χ̄, B, ϕ̄, and/or η̄ are, at most, s-boundaries. Following this
spirit, we define the (A)SDL gauge fixing action as

SGF = s
∫

tr
[
c̄d ⋆ A+ ϕ̄d ⋆ ψ + χ̄F±

]
, (14a)

=
∫

tr
[
bd ⋆ A− c̄d ⋆ Dc+

(
c̄+ η̄ +

[
c, ϕ̄

])
d ⋆ ψ + ϕ̄d ⋆ Dϕ+ dc

[
⋆ψ, ϕ̄

]
+

+ (B + [c, χ̄])F± + χ̄(Dψ)±
]
. (14b)

Table 1: Grading of all TYM fields.

Field A F c ψ ϕ c̄ b χ̄ B ϕ̄ η̄

Form rank 1 2 0 1 0 0 0 2 2 0 0
Ghost no. 0 0 1 1 2 -1 0 -1 0 -2 -1
Statistics odd even odd even even odd even odd even even odd

3 Topological phase of gravity

3.1 SO(4) TYM theory

Gauge descriptions of gravity are usually associated with a principal frame bundle
G ↪→ Fr → R4. Frequently, the assumption G = GL+ (4,R) is considered. Additionally,
any smoothable manifold accepts Riemannian structure. By choosing only orthogonal
frames with respect to it, one effectively contracts GL+ (4,R) down to its orthogonal
subgroup SO (4). Unfortunately, not every smoothable 4-manifold accepts a Lorentzian
structure. The analogue procedure, resulting in the more physical SO (1, 3) gauge
theory, is topology-dependent.
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Here, we consider only non-compact smoothable 4-manifolds as they are guaranteed to
have either Riemannian or Lorentzian structure. The particular choice is irrelevant for
TYM theory since its observables are g metric-independent: Riemannian and Lorentzian
TYM define the same physical theory. For convenience, we adopt the positive-definite
g.

Let σab = −σba be the 6 linearly independent generators7 of the Lie algebra so (4) of
SO(4). They are chosen such that

[σab, σcd] = −8δe[c δd][a δ
f

b] σef , (15a)
tr(σabσcd) = 4δa[c δd]b . (15b)

It is commonplace in the literature to denote by ω = ωabµσabdx
µ the adFr-valued

connection 1-form, and by R = dω + ω2 its curvature 2-form. We stress that ω and R
are, respectively, the same mathematical objects as A and F , defined in Section 2.

There are two particular consequences of having G = SO(4), which is relevant to us.
And, these are direct results of the Levi-Civita permutation symbol, ϵa1...aN

, being an
SO(N) invariant tensor — a statement which is not true for any G. First, the Pfaffian
of R is, now, a well-defined and non-vanishing quantity,

pf (R) ≡ 1
8ϵabcdR

abRcd , (16a)

= 1
16 tr (RR∗) , (16b)

where ∗ is the Hodge dual8 on SO(4). This is equivalent to define the Euler class of Fr.
Second, the existence of ∗ also allows us to extend the notion of (anti-)self duality to

R± = 0 , (17)

where R± ≡ R ± ⋆ (R +R∗ + ⋆R∗). And, consequently, extend the (A)SDL gauge
conditions to

d ⋆ ω = 0 , (18a)
d ⋆ ψ = 0 , (18b)
R± = 0 . (18c)

We choose to work in this extended gauge as it improves the renormalizability behavior
of the model we are about to construct — see Section 4.

The BRST transformations remain the same, of course,

sω = −Dc+ ψ , (19a)
sc = −c2 + ϕ , (19b)
sψ = −Dϕ− [c, ψ] , (19c)
sϕ = − [c, ϕ] , (19d)
sR = −Dψ − [c, R] . (19e)
7 Lowercase Latin indexes run from 0 to 3.
8 R∗ = 1

2 Rabϵ cd
ab σcd.
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In particular, the observables are the same, except for the presence of (16).
We define our topological symmetry-restored phase of gravity via the action functional

STG [ω] ≡
∫

tr
(
g1R

2 + g2RR
∗
)
, (20)

where g1 and g2 are dimensionless coupling parameters. Of course, couplings involving
⋆ are forbidden by the topological BRST symmetry (19). Its connection to gravity will
become clear in Section 3.3. For now, we restrict ourselves to comment that STG is the
most general action functional that is:

i) an invariant polynomial of ω and its derivatives;

ii) local9;

iii) power-counting renormalizable;

iv) fully topological — it is the sum of the (compactly supported) Hirzebrunch
signature and the (compactly supported) Euler characteristic of spacetime;

v) and, by definition, an s-cycle which is not an s-boundary.

3.2 Adding a BRST boundary

If we add an s-boundary to (20), we strictly define a new dynamics. However, since
s-boundaries lie outside the s-cohomology groups, the set of observables remains
unchanged. In other words, we are still describing the same physical system. This is
exactly what we did in Section 2.3 to gauge fix TYM theory. However, our objective here
is not to gauge fix any symmetries, but to employ Symanzik’s technique [58]. Consider
the pair of classical external fields, X and Y , satisfying the s-doublet condition

sY = X , sX = 0 . (21)

Their grading are displayed in Table 2. And, the most general action functional that is:

i) an invariant polynomial of ω, X, Y and their derivatives;

ii) local;

iii) power-counting renormalizable;

iv) and, an s-boundary;

9 The integrand is a function of a single spacetime point.
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is given by

Ssb = s
∫

tr [Y (g3R + g4 ⋆ R + g5R
∗ + g6 ⋆ R

∗ + g7X + g8 ⋆ X + g9X
∗ +

+ g10 ⋆ X
∗)] , (22a)

=
∫

tr {(g3R + g4R ⋆+g5R
∗ + g6R

∗ ⋆+g7X + g8X ⋆+g9X
∗ + g10X

∗⋆)X +

+ Y [g3 (Dψ + [c, R]) + g4 ⋆ (Dψ + [c, R]) + g5(Dψ + [c, R])∗ + g6 ⋆ (Dψ +
+ [c, R])∗]} , (22b)

where all the gi coupling parameters are dimensionless.
The action Ssb is not a topological invariant. Nevertheless, we emphasize that the

theory defined by

S = STG + Ssb (23)

still is a topological field theory. And, it is physically indistinguishable from STG.

Table 2: Grading of Symanzik sources.

Field X Y

Form rank 2 2
Ghost no. 0 -1
Statistics even odd

3.3 From topology to gravity

Before finally proceeding to the connection between our topological model and gravita-
tional field theories, it is convenient to acknowledge that, in the presence of a g structure,
a Clifford bundle ClFr = Fr ×SO(4) Cl4 (R) can be associated to Fr. A typical moving
frame,

{
14, γa, γ[a γ b] , γ5, γ5γa

}
, consists of 16 matrices such that {γa, γb} = 2δab, and

γ5 ≡ γ0γ1γ2γ3. In particular, γ[a γ b] is an so (4) representation satisfying (15). The
convenience here is that differential forms valued in the adjoint and fundamental repre-
sentation space of SO(4) are treated in the same footing — they are both ClFr-valued
differential forms, also known as Clifforms [59–61].

Gravity is described by a special kind of gauge theory in the sense that ClFr is
isomorphic to the Clifford bundle of spacetime. The isomorphism is given by γa = e µ

a γµ,
where ea ≡ eaµdx

µ is the ClFr-valued soldering 1-form — also known as the vierbein
field —, and ea ≡ e µ

a ∂µ is its dual vector. Finally, for latter use, we define γ ≡ γae
a.

And, it is straightforward to show that ⋆γ2 = (γ2)∗ = γ5γ
2.

Returning to the SO(4) TYM theory, the term “topological symmetry-restored phase
of gravity”, used in Section 3.1, was deliberately chosen to suggest that a traditional
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gravity theory, with propagating local degrees of freedom, can be obtained from (23)
via a symmetry breaking mechanism. In particular, an explicit symmetry breaking
(ESB) that achieves that is obtained by forcing Symanzik sources, X and Y , to attain
physical values:

Y
∣∣∣
phys.

= 0 , (24a)

X
∣∣∣
phys.

= µ2γ2 , (24b)

where µ is a mass scale. Indeed, when X and Y are identified accordingly in (23), the
result

S
∣∣∣
phys.

=
∫

tr
{
g1R

2 + g2RR
∗ + µ2

[
(g4 + g5)R ⋆ γ2 + µ2 (g8 + g9) γ2 ⋆ γ2 +

+ (g3 + g6)Rγ2
]}

, (25)

can be immediately recognized as the Lovelock-Cartan theory of gravity on non-compact
4-manifolds [45–47]. The coupling tr (R ⋆ γ2) is the Einstein-Palatini Lagrangian density,
tr (γ2 ⋆ γ2) is the cosmological constant term, and tr (Rγ2) is the Holst term [62] —
related to the torsional Nieh-Yan invariant polynomial [63–65].

It is important to clarify that the ESB employed here is inspired by the well-established
Symanzik source technique [58]. There are two equivalent ways to approach it. One
can start with a symmetry broken theory, e.g., defined by the action (25), then external
sources are introduced in order to control it. This effectively embeds the theory into a
larger — more symmetric — one. After the calculations are performed, the sources can
be set to values which explicitly undo the embedding. Just as well, one can start with
the larger theory. Then, Symanzik sources are introduced, and their attained value
represent an ESB10.

The field equations for the gravitational fields γ and ω are, respectively,[
(g3 + g6)R + (g4 + g5) γ5R + 2µ2 (g8 + g9) γ5γ

2, γ
]

= 0 , (26a)
[(g3 + g6)T + (g4 + g5) γ5T, γ] = 0 , (26b)

where T = Dγ is the ClFr-valued torsion 2-form. Their solutions are Riemann-Cartan
spacetimes, in general.

The presence of curvature and torsion is due to our adoption of the most general
construction in (22). If one wishes to generate Einstein gravity exclusively, the values
of the gi can be tweaked by hand to do so. We chose not to do so, as it goes against the
quantum field theory paradigm. We just determine the symmetries. It is the symmetries
that determine all allowed couplings, and their relative relevance through β-functions.

10We remark that the Symanzik method is employed in a wide range of field theoretical models in
which one wishes to control broken symmetries. The Gribov-Zwanziger model [66–69], and Lorentz
violating models [70–72], are just a few examples.
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Via the Correspondence Principle,

µ2 (g4 + g5) = mP
2

32π , (27a)

µ4 (g8 + g9) = −mP
2Λ2

384π , (27b)

where mP
2 is Planck mass and Λ2 the cosmological constant. The LHS of (27) contain

coupling parameters coming from a well-defined perturbative quantum field theory. In
principle, their renormalized values can be obtained, thus predicting the values of the
Planck scale, and the size of the observable universe. This will be the topic of a future
work.

In Section 3.1, we commented on how the traditional YM BRST symmetry, given
by (7), is obtained from the TYM BRST, given by (8), via the horizontal condition:
sYM = s|ψ=ϕ=0. Let s = sYM + sT, where sT is the “topological sector of s” given by
sTω = ψ , (28a)
sTc = ϕ , (28b)
sTψ = −Dϕ− [c, ψ] , (28c)
sTϕ = − [c, ϕ] , (28d)
sTR = −Dψ . (28e)
The topological symmetry-restored phase of gravity, defined via the action functional
(20), is an s-cycle. Meanwhile, the induced (Lovelock-Cartan) gravity, defined via (25),
is an sYM-cycle. Clearly, the ESB above implements the horizontal condition at a
dynamical level. It deforms s into sYM by breaking sT.

The sYM-cohomology differs from the s-cohomology in a very important way: it
allows for local observables. For instance, the YM Lagrangian density tr (R ⋆ R) which,
in a gravitational context, is recognizable as the Kretschmann scalar. Ultimately, the
ESB (24) can be physically interpreted as responsible for freeing the local degrees of
freedom of gravity in the bulk — originally frozen due to full invariance under s.

4 Algebraic renormalizability

To prove the renormalizability of the proposed topological symmetry-restored phase of
gravity, we follow the algebraic renormalization program [73]. The results obtained are
valid to all orders in perturbation theory, and are independent of any regularization
scheme.

First, we fix the gauge symmetry of (23) by adding to it the extended (A)SDL gauge
fixing action,

SGF = s
∫

tr
[
c̄d ⋆ ω + ϕ̄d ⋆ ψ + χ̄R±

]
, (29a)

=
∫

tr
[
bd ⋆ ω − c̄d ⋆ Dc+

(
c̄+ η̄ +

[
c, ϕ̄

])
d ⋆ ψ + ϕ̄d ⋆ Dϕ+ dc

[
⋆ψ, ϕ̄

]
+

+ (B + [c, χ̄])R± + χ̄(Dψ)±
]
. (29b)
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Second, the non-linearity of the BRST transformations, and of the non-linear bosonic
ghost symmetry, (51), will inevitably appear as insertions in the correlation function of
the quantized theory. To account for these infinities, we need to explicitly include them
in the total action. Consider the s-doublets,

sτ = Ω , sΩ = 0 , (30a)
sE = L , sL = 0 , (30b)
sλ = K , sK = 0 , (30c)
sZ = H , sH = 0 . (30d)

The non-linearity action functional

SNL = s
∫

tr
(
τDc+ Ec2 + λ [c, χ̄] + Z [c, Y ]

)
, (31a)

=
∫

tr
{
ΩDc+ Lc2 + τ (Dϕ+ [c, ψ]) + E [c, ϕ] +K [c, χ̄] + λ

(
[c, B] +

+
[
c2, χ̄

]
+ [χ̄, ϕ]

)
+H [c, Y ] + Z

(
[Y, ϕ] +

[
c2, Y

]
+ [c,X]

)}
, (31b)

is the most general local, power-counting renormalizable, invariant polynomial that
explicitly couples all independent non-linearities to external sources, while remaining
an s-boundary. The grading of the newly introduced fields can be found at Table 3.

The full classical action to be considered is

Σ ≡ S + SGF + SNL . (32)

Table 3: Grading of Zwanziger sources for symmetry non-linearities.

Field τ Ω E L λ K Z H

Form rank 3 3 4 4 2 2 2 2
Ghost no. -2 -1 -3 -2 -1 0 -1 0
Statistics odd even odd even odd even odd even

4.1 Ward identities

The local symmetries of Σ, including linearly broken ones, are:

• Traditional gauge fixing equation
δΣ
δb

= d ⋆ ω ; (33)

• The topological gauge fixing equation
δΣ
δη̄

= d ⋆ ψ ; (34)
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• The Faddeev-Popov anti-ghost equation

Gc̄ (Σ) = d ⋆ ψ , (35)

where

Gc̄ ≡ δ

δc̄
+ d ⋆

δ

δΩ ; (36)

• The bosonic anti-ghost equation

Gϕ̄ (Σ) = 0 , (37)

where

Gϕ̄ ≡ δ

δϕ̄
− d ⋆

δ

δτ
. (38)

The equations (34) and (35) can be combined into an exact symmetry of Σ. Additionally,
the global symmetries of Σ, including linearly broken ones, are:

• The Slavnov-Taylor identity

S (Σ) = 0 , (39)

where

S ≡
∫

tr
[(
ψ − δ

δΩ

)
δ

δω
+
(
ϕ− δ

δL

)
δ

δc
− δ

δτ

δ

δψ
− δ

δE

δ

δϕ
+X

δ

δY
+

+ b
δ

δc̄
+B

δ

δχ̄
+ η̄

δ

δϕ̄
+ Ωδ

δτ
+ L

δ

δE
+K

δ

δλ
+H

δ

δZ

]
; (40)

• The 1st FP ghost equation

G(1)
c (Σ) = ∆c , (41)

where

G(1)
c ≡

∫ (
δ

δc
−
[
Y,
δ

δX

]
−
[
c̄,
δ

δb

]
−
[
ϕ̄,
δ

δη̄

]
−
[
χ̄,
δ

δB

]
−
[
λ,
δ

δK

]
+

−
[
Z,
δ

δH

])
, (42)

and

∆c ≡
∫

([ω,Ω] + [L, c] + [τ, ψ] + [E, ϕ] + [χ̄,K] + [λ,B] + [Y,H]

+ [Z,X]) ; (43)
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• The 2nd Faddeev-Popov ghost equation

G(2)
c (Σ) = ∆c , (44)

where

G(2)
c ≡

∫ (
δ

δc
+
[
ω,
δ

δψ

]
+
[
c,
δ

δϕ

]
−
[
ϕ̄,
δ

δc̄

]
+
[
τ,
δ

δΩ

]
+
[
E,

δ

δL

])
; (45)

• The bosonic ghost equation

Gϕ (Σ) = ∆ϕ , (46)

where

Gϕ ≡
∫ (

δ

δϕ
−
[
ϕ̄,
δ

δb

])
, (47)

and

∆ϕ ≡
∫

([ω, τ ] + [c, E] + [χ̄, λ] + [Y, Z]) ; (48)

• The vectorial supersymmetry

W (Σ) = 0 , (49)

where

W ≡
∫

tr
[
Lξω

δ

δψ
+ Lξc

δ

δϕ
− LξY

δ

δX
− Lξ (c̄+ η̄) δ

δb
− Lξχ̄

δ

δB
+

+ Lξϕ̄

(
δ

δc̄
− δ

δη̄

)
+ Lξτ

δ

δΩ + LξE
δ

δL
+ Lξλ

δ

δK

]
, (50)

and Lξ is the Lie derivative along the vector field ξ. It is assumed that ξ is a
Killing vector, and that it generates a flow of diffeomorphism on spacetime11.

• The non-linear bosonic symmetry

T (Σ) = 0 , (51)

where

T ≡
∫

tr
[
δ

δΩ
δ

δψ
+ δ

δH

δ

δX
+ δ

δL

δ

δϕ
+ δ

δK

δ

δB
+ (c̄+ η̄)

(
δ

δc̄
− δ

δη̄

)]
; (52)

11Consequently,
∫

Lξ (φ ⋆ 1) = 0 , ∀ φ ∈ C∞ (R4), and ⋆Lξ = Lξ⋆.

14



• And, finally, the fermionic ghost symmetry

F (Σ) = 0 , (53)

where

F ≡
∫

tr
[
c
δ

δϕ
+ ϕ̄

(
δ

δc̄
− δ

δη̄

)
− τ

δ

δΩ − 2Eδ
δL

− λ
δ

δK

]
. (54)

Equations (41) and (44) can also be joined to form an exact symmetry of Σ. The
vectorial supersymmetry (49) is present in several topological field theories. It is a
very strong symmetry, responsible for the 1-loop exactness of n = 3 Chern-Simons
theory [12–14], and the tree-level exactness of TYM theory [7, 15, 16], for instance.
The non-linear bosonic (51), and the fermionic ghost symmetry (53), first reported by
the authors (and collaborators) in QTYM [15], are also present here, and are known to
drastically reduce the number of independent renormalizations.

4.2 Counterterms

The Quantum Action Principle establishes the formal relationship between the set of
Ward identities for Σ, and the set of Ward identities for its associated quantum effective
action, Γ. The list above translates to the following set of symmetries for the quantum
symmetry-restored phase of gravity:

δΣ(n)

δb
= 0 , (55a)

δΣ(n)

δη̄
= 0 , (55b)

Gc̄
(
Σ(n)

)
= 0 , (55c)

Gϕ̄
(
Σ(n)

)
= 0 , (55d)

δΣ(n)

δη̄
= 0 , (55e)

SΓ(n−1)

(
Σ(n)

)
= 0 , (55f)

Gϕ
(
Σ(n)

)
= 0 , (55g)

G(1)
c

(
Σ(n)

)
= 0 , (55h)

G(2)
c

(
Σ(n)

)
= 0 , (55i)

W
(
Σ(n)

)
= 0 , (55j)

TΓ(n−1)

(
Σ(n)

)
= 0 , (55k)

F
(
Σ(n)

)
= 0 , (55l)
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where Γ(n) ≡ Σ + ϵΣ(1) + · · · + Σ(n) is Γ truncated at n-th loop order, ϵ is a small
perturbative parameter, and Σ(n) is the n-loop radiative correction to Σ. The linear
breaks are gone, and the non-linear operators S and T are replaced by their linearized
versions

SΓ(n−1) ≡
∫

tr
[(
ψ − δΓ(n−1)

δΩ

)
δ

δω
− δΓ(n−1)

δω

δ

δΩ +
(
ϕ− δΓ(n−1)

δL

)
δ

δc
+

− δΓ(n−1)

δc

δ

δL
− δΓ(n−1)

δτ

δ

δψ
+ δΓ(n−1)

δψ

δ

δτ
− δΓ(n−1)

δE

δ

δϕ
− δΓ(n−1)

δϕ

δ

δE
+

+ X
δ

δY
+ b

δ

δc̄
+B

δ

δχ̄
+ η̄

δ

δϕ̄
+ Ωδ

δτ
+ L

δ

δE
+K

δ

δλ
+H

δ

δZ

]
, (56)

and

TΓ(n−1) ≡
∫

tr
[
δΓ(n−1)

δΩ
δ

δψ
+ δΓ(n−1)

δψ

δ

δΩ + δΓ(n−1)

δH

δ

δX
+ δΓ(n−1)

δX

δ

δH
+

+ δΓ(n−1)

δL

δ

δϕ
+ δΓ(n−1)

δϕ

δ

δL
+ δΓ(n−1)

δK

δ

δB
+ δΓ(n−1)

δB

δ

δK
+

+ (c̄+ η̄)
(
δ

δc̄
− δ

δη̄

)]
. (57)

Due to the recursive method of the algebraic renormalization technique, results valid
for Γ(1) are equally valid for Γ(n), and vice-versa. Additionally, the linearized Slavnov-
Taylor operator (56) is nilpotent, and defines a cohomology which is isomorphic to the
s-cohomology.

The most general solution of (55) for n = 1, represents the most general counterterm
that n-loop radiative corrections can generate. A good way to start is via (55f), due to
the nilpotency of the linearized Slavnov-Taylor operators, SΣ

2 = 0. Its most general
solution reads

Σ(1) = ∆0 + SΣ∆−1 . (58)

∆0 and ∆−1 are the most general integrated polynomial invariant of the quantum fields
and external sources, which are local, power-counting renormalizable, and a 4-form. In
particular, ∆0 has ghost number 0, and ∆−1 has ghost number -1. The former belongs
to the SΣ-cohomology, and is given by

∆0 ≡
∫

tr (a1RR + a2RR
∗) , (59)

where a1 and a2 are arbitrary renormalization parameters. The latter, also consistent
with all the other Ward identities in (55), is given by

∆−1 ≡
∫

tr
(
α3Y R + α4Y ⋆ R + α5Y R

∗ + α6Y ⋆ R∗ + βχ̄R±
)
, (60)
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where α3, α4, α5, α6, and β are also arbitrary renormalization parameters. Finally, the
most general counterterm action functional, and solution to (55), is

Σ(1) =
∫

tr
{
a1RR + a2RR

∗ + α3 [XR + Y (Dψ + [c, R])] + α4 [X ⋆ R +

+ Y ⋆ (Dψ + [c, R])] + α5 [XR∗ + Y (Dψ + [c, R])∗] + α6 [X ⋆ R∗ +
+ Y ⋆ (Dψ + [x,R])∗] + β

[
BR± + χ̄(Dψ + [c, R])±

]}
. (61)

4.3 Quantum stability

To conclude the proof of renormalizability, one has to show the existence of finite
parameters zΦ, zG, zJ , such that

Σ [Φ0, G0, J0] = Σ [Φ, G, J ] + ϵΣ(1) [Φ, G, J ] , (62)

where

Φ0 ≡ zΦΦ ; Φ ∈
{
ω, c, ψ, ϕ, c̄, b, χ̄, B, ϕ̄, η̄

}
, (63a)

G0 ≡ zGG ; G ∈ {g1, . . . , g10} , (63b)
J0 ≡ zJJ ; J ∈ {τ,Ω, E, L, λ,K,Z,H, Y,X} , (63c)

is the multiplicative redefinition of all quantum fields, coupling parameters, and external
sources. This requirement guarantees that no infinities are left untamed to all orders
in perturbation theory. For our topological symmetry-restored phase of gravity, these
z-factors are

zX = zH
−1 , (64a)

zω = zb = 1 , (64b)
zg1 = 1 + ϵg1

−1a1 , (64c)
zg2 = 1 + ϵg2

−1a2 , (64d)
zg3zX = 1 + ϵg3

−1α3 , (64e)
zg4zX = 1 + ϵg4

−1α4 , (64f)
zg5zX = 1 + ϵg5

−1α5 , (64g)
zg6zX = 1 + ϵg6

−1α6 , (64h)
zB = 1 + ϵβ = zK

−1 , (64i)
zg7 = zg8 = zg9 = zg10 = zH

2 , (64j)
zϕ̄ = zτ = zL = zc̄

2 = zλzχ̄ = zY zZ = zϕ
−1 , (64k)

zc̄ = zΩ = zη̄ = zBzλ = zY zH = zEzϕ = zψ
−1 = zc

−1 . (64l)

Clearly, the gauge field ω does not renormalize. This is a feature of TYM due to the
lack of local field equations. The physical coupling, g1 and g2, renormalize with the
s-cohomology, while the non-physical ones, g3, . . . , g10, renormalize with s-boundaries.
This is exactly what is to be expected.
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5 Conclusions

In this work, we proposed an SO (4) TYM theory, defined by (23), as topological phase
of gravity. The TYM BRST symmetry transformations (19), play a pivotal role in
this context. They “freeze” the local gravitational dynamics into the physically trivial
s-boundary term (22). In this topological phase, the gravitational observables that
remain are related to the smoothness of spacetime — which automatically makes them
conformally invariant.

The unprecedented s-boundary term (22), vital to the connection to gravity, has
the potential to spoil the renormalizability features of SO(4) TYM. In Section 4,
the quantum stability of the proposed model is worked out in the extended (A)SDL
gauge (18). Remarkably, the model remains renormalizable to all orders in perturbative
theory, and contains 7 independent renormalizations (61).

Key features of topological quantum field theories remain explicit in the present
model. For instance, the complete set of Ward identities of traditional QTYM, in the
(A)SDL gauge, is present here — albeit corrected to account for the presence of (22).
We found that this strong set of symmetries implies that the gauge field does not
renormalize, zω = 1. This result is compatible with the vanishing of ⟨ω(x)ω(y)⟩ to all
orders in perturbation theory. The latter is a known feature of traditional QTYM in
the (A)SDL gauge [15, 16]. This is yet another reflection of the physical content of the
theory being non-local in the bulk and/or living in the boundary.

The connection between the proposed topological phase and the Lovelock-Cartan
family of gravity theories is explained in Section 3.3. And, it boils down to a dynamical
implementation of the horizontal condition, ψ = ϕ = 0. This condition deforms the TYM
BRST into the traditional YM BRST. Local observables in the bulk — incompatible with
the TYM BRST — are now allowed by the YM BRST. Most remarkably, the proposed
implementation also identifies these bulky local degrees of freedom as gravitational
ones.

The detailed nature of the mass parameter µ in (24b) is left open. Several mass
generation mechanisms, well known in the context of non-Abelian gauge theories, can be
employed to explain its origin, and to predict its current theoretical value. The viability
of the model can then be tested by comparison to most current the experimental value
of mP, and the most current observational value of Λ2, via (27). This investigation will
be carried out by the authors in a follow-up work.
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